Abstract. In this paper we prove that a unipotent automorphism group H acting upon a soluble group with finite Prüfer rank is nilpotent. Furthermore, if H is finitely generated and the cardinality of a minimal set of generators is t, it is then possible to find an upper bound for the nilpotency class of H which depends only on n and t.
Introduction
The automorphism h of the group G is called n-unipotent if for every g 2 G the identity OEg; n h D 1 holds, where we define recursively OEg; 0 h D g and OEg; n h D OEOEg; n 1 h; h; 8n 1; and the commutators are taken in the holomorph of G. We will say that a subgroup H of Aut.G/ is an n-unipotent automorphism group if all its elements are n-unipotent automorphisms. Unipotent automorphisms are strictly related to the notion of stability group of a series of subgroups. We remark that H Ä Aut.G/ stabilizes the finite series 1 D G 0 E G 1 E E G n D G if the commutator subgroup OEG i ; H is contained in G i 1 for every i 1. Obviously, every automorphism group which stabilizes a finite series of length n is n-unipotent, but the converse is not true as shown by [2, Example 2] . Moreover, it is a classical fact (due to Kaluznin, 1950) , that the stability group of a finite normal series of length n is nilpotent, and its nilpotency class is at most n 1 (for a proof of this, see [13, 1.19] ). In particular, an automorphism group stabilizing a series of length 2 is necessarily abelian. A few years later, Hall improved this result, showing that if the terms of the series are not normal in G, then H is still nilpotent, even though in this situation the upper bound for the nilpotency class is n 2 (see [9, 1.2.7] ). The notions of stability group and unipotent automorphism have been firstly introduced for vector spaces and modules. In this context, if V is a finite dimensional vector space over a field F, it is easy to see that an n-unipotent automorphism group of V is conjugated to a subgroup of the unitriangular group UT(n, F), and it stabilizes a finite series of subspaces in V whose length is at most n. In this 420 M. Frati paper we will restrict our attention to the class of soluble groups. Our first result describes some conditions which guarantee the existence of a series stabilized by an n-unipotent automorphism group acting upon a soluble group.
Theorem A. Let G be a soluble group of derived length d and H be a t-generated, nilpotent and n-unipotent subgroup of Aut.G/. Then:
(1) the nilpotency class of H is bounded by a function c D c.n; t/, only depending on n and t , (2) H stabilizes a finite series in G whose length is bounded by a function depending on n; t and d .
Notice that in the hypothesis of Theorem A, setting c for the nilpotency class of H , we have that for every h 2 H and y 2 G Ì H the identity OEh; cCn y D 1 holds, and thus H consists of bounded left Engel elements of G Ì H . From this it follows that if G is nilpotent, Theorem A is a consequence of [5, Theorem 4] and [6, Theorem 1.2], concerning the structure of Engel elements in soluble groups, which were proved by Gruenberg over fifty years ago. In fact, thanks to these results, it follows that the normal closure H G D H OEG; H is nilpotent and thus there exists an integer m such that OEG; m H D 1.
Since we have seen that an n-unipotent automorphism h of G can be naturally regarded as a bounded left Engel element of the semidirect product G Ì hhi, it seems interesting to find sufficient conditions for the group G in order that an n-unipotent subgroup of Aut.G/ be nilpotent. For example, in the very recent paper [3] , Casolo and Puglisi proved the nilpotence of an n-unipotent automorphism group H Ä Aut.G/ when G satisfies the Max condition or if it is a profinite group having a basis of open normal subgroups whose members are normalized by H . We want to prove the following result concerning soluble groups with finite Prüfer rank.
Theorem B.
If H is an n-unipotent automorphism group of a soluble group of derived length d and finite Prüfer rank r, then there exists a function f D f .n; r; d / such that H stabilizes a finite series of subgroups of length f and is therefore nilpotent of class at most f 2 . Furthermore, if H is also finitely generated and a minimal subset of generators for H has cardinality t, then its nilpotency class can be bounded by a function only depending on n and t.
It is worth mentioning that if G is also torsion-free-by-finite, then part of Theorem B follows from earlier work on linear groups by Gruenberg. With this further assumption on G, by [12, Theorem 1.2], G Ì H has a faithful representation of fi-nite degree over the rationals. Since in a linear group the set of bounded left Engel elements is equal to the Fitting subgroup, which is nilpotent (we refer the reader to [11, Theorems 8.15 and 8.2] for the proofs of these two facts), we have that H G D H OEG; H Ä Fitt.G Ì H / is nilpotent, and thus OEG; m H D 1 for some m.
The proof of Theorem B will require the use of Theorem A. Furthermore, in order to investigate the action of unipotent automorphisms, throughout this work we will invoke the results proved by Crosby and Traustason in [4] . Thus, following that paper, we quote the definition and the theorem we will need.
Definition.
A subgroup H of a group G is a right n-Engel subgroup if all the elements of H are right n-Engel elements of G. Theorem 1.1. Let G be a t-generated group and suppose H to be a normal right n-Engel subgroup of G such that
Then there exists an integer m D m.n; t/, only depending on t and n, such that OEH; m G D 1.
Unipotent and nilpotent automorphism groups
This section is entirely devoted to the proof of Theorem A. Firstly we consider the abelian case.
Proposition 2.1. Let A be an abelian group and H be a t-generated, n-unipotent subgroup of Aut.A/ which is nilpotent of class c. Then H stabilizes a finite series in A whose length is at most n b , where b D b.c; t/ is a function depending on c and t .
Proof. Since H D hh 1 ; h 2 ; : : : ; h t i is nilpotent, by suitably refining its lower central series, it is possible to find a central series with cyclic factors whose length can be bounded by a function b D b.c; t /, only depending on c and t . Write
for such a central series. We will proceed by induction on b. 
which is clearly a contradiction. Thus we have that the subgroups OEA; i h form a descending series in A which necessarily reaches 1 after n steps because, observing that h 1 is a nilpotent element in the ring Aut.A/, we have
Obviously H D hhi stabilizes the series of the OEA; i h by construction. If b 2, for every i D 0; : : : ; b 1 set
where OEh i C1 ; H Ä H i . We already know that the subgroup
and since for every automorphism h 2 H we have
the subgroup OEA; h 1 < A is H -invariant. From this fact, it follows easily that each OEA; i h 1 is also H -invariant for every i D 1; : : : ; n. Thus if we put
then the n-unipotent automorphism group H=C i acts faithfully on the quotient OEA; i h 1 =OEA; i C1 h 1 and, since h 1 2 C i for every i , by the inductive hypothesis it stabilizes a finite series in OEA; i h 1 =OEA; i C1 h 1 of length at most n b 1 . This implies the existence of a series of subgroups running from A to 1 which is stabilized by H , whose length is at most
If the automorphism group H of Proposition 2.1 is abelian, then the upper bound for the series stabilized in A by H is n t . Furthermore, as a consequence of Theorem A, we will see that even if H is nilpotent, the number b D b.c; t/ is actually independent of c.
Before embarking in the proof of Theorem A we need two technical lemmata, which are quoted below without proof. The first one is due to B. Hartley, and is taken from [7, Lemma 1] . Lemma 2.2. If G is a group having an ascending series with abelian factors and characteristic terms, then G contains a characteristic subgroup U such that U is nilpotent of class at most 2 and C G .U / D Z.U /. 1 The second lemma is due to Casolo and Puglisi, and it is [3, Lemma 2.15].
Lemma 2.3. Let G be a group and H be a group of n-unipotent automorphisms of G. Suppose that H has a normal abelian subgroup A such that we can write H D Ahhi for an element h 2 H , and assume also that OEG; A; A D 1. Then H is nilpotent of class at most n 2 1.
Finally, we are able to prove Theorem A.
Proof.
(1) By Lemma 2.2, the soluble group G contains a nilpotent characteristic subgroup U , whose nilpotency class is at most 2 and such that
First of all we observe that C D C H .U / E H stabilizes a series of length 2 in G.
In fact OEC; U; G D OE1; G D 1 and OEU; G; C Ä OEU; C D 1;
hence, by the Three Subgroup Lemma, it follows that OEG; C; U D 1. Thus
and consequently OEG; C; C D 1. Moreover, C is abelian since it stabilizes a series of length 2.
Firstly suppose that U is abelian and put H D H=C . The quotient H embeds in Aut.U / as a finitely generated nilpotent group of n-unipotent automorphisms, hence Proposition 2.1 ensures us that H stabilizes a finite series in U . Thus OEU; s H D 1 for a suitable integer s. It should also be clear that the n-unipotent action of H upon U is equivalent for U to be a right n-Engel subgroup of U Ì H . Furthermore, since U is abelian, it follows that OEU; H D OEU; U Ì H ; 
Now choose u 2 U , and consider the finitely generated group hu; H i Ä U Ì H . It is easy to check that the normal closure hui hu;H i is a normal, right n-Engel subgroup of hu; H i which satisfies
because it is contained in U . Since hu; H i is finitely generated, it is possible to use Theorem 1.1 to find an integer m D m.n; t/, depending on n and the number of generators of H (which is at most t), such that hui hu;H i ; m hu; H i D 1:
We have proved that H D H=C stabilizes a series of length m D m.n; t/ in U and so it is nilpotent of class at most m 1. Hence the inclusion m .H / Ä C H .U / holds. If U is nilpotent of class 2, then clearly U=Z.U / is abelian, and we can repeat the previous argument to find two integers m 1 D m 1 .n; t/ and m 2 D m 2 .n; t/ such that
Thus, it follows that OEU; m 1 H Ä Z.U / and therefore
showing that H=C H .U / is nilpotent of class at most
. In conclusion, both in the case U is abelian or nilpotent of class 2, there exists a function r D r.n; t /, depending only on n and t, such that r .H / Ä C H .U /.
Now choose an element h 2 H and focus on the subgroup C hhi of H . This subgroup clearly satisfies the hypothesis of Lemma 2.3, and so C hhi is nilpotent of class at most n 2 1, that is, OEC hhi; n 2 C hhi D 1. Obviously this implies OEC; n 2 h D 1, hence C is a normal, right n 2 -Engel subgroup of H . Since H is nilpotent, surely
and invoking again Theorem 1.1, we have that there exists an integer l D l.n; t/, only depending on n and t , such that
Thus we conclude with
and H is nilpotent of class at most c.n; t/ D r.n; t/ C l.n; t/ 1.
(2) To prove the second assertion we proceed by induction on the derived length d . If d D 1, by Proposition 2.1 and point (1), we have that H stabilizes in G a series of length at most n b.c.n;t/;t/ D n b.n;t/ .
Let d > 1 and put A D G .d 1/ , which is fully-invariant in G. By the inductive hypothesis, we can assume that the automorphism group H=C H .G=A/ stabilizes a finite series in G=A of length at most .d 1/n b.n;t/ . Considering the action of H=C H .A/ on A and using Proposition 2.1 again, we conclude that H also stabilizes a finite series inside A, and thus a finite series in the whole group G whose length does not exceed .d 1/n b.n;t/ C n b.n;t/ D d n b.n;t/ .
Remark. In the second assertion of Theorem A, the bound for the series stabilized by H necessarily depends on the derived length of G. In fact, Bachmuth, Mochizuki and Walkup proved in [1] the existence of a 3-Engel, locally nilpotent group G with exponent 5 which is not soluble. Notice that every element of G can be regarded as a 3-unipotent inner automorphism. Consider the family ¹G º 2ƒ consisting of all the finitely generated subgroups of G and for each choose a cyclic inner automorphism group hh i of G . By Theorem A, every hh i stabilizes in G a finite series, but if the lengths of these series were uniformly bounded, then it would follow that G is soluble, giving a contradiction.
Soluble groups of finite Prüfer rank
Let A be an abelian group. The torsion-free rank (or 0-rank) of A is the cardinality of a maximal independent subset of elements of infinite order. On the other hand, if p is a prime, the p-rank of A is the cardinality of a maximal independent subset of elements of p-power order. We will write r 0 .A/ and r p .A/ to denote the torsionfree rank and the p-rank of the abelian group A, respectively. As one may expects, these definitions do not depend on the choice of the maximal independent subset.
M. Frati
Definition. A group G has finite Prüfer rank r if r is the least positive integer such that every finitely generated subgroup of G can be generated by r elements.
The class of soluble groups with finite Prüfer rank is subgroup-, quotient-and extension-closed. In particular, if N E G has Prüfer rank s and G=N has Prüfer rank t, then the Prüfer rank of G is at most s C t. For an abelian group A, it is easy to prove that the Prüfer rank coincides with r 0 .A/ C Max¹r p .A/ j p is a primeº; and this number is finite if and only if the torsion subgroup T of A is the direct sum of a boundedly finite number of cyclic p-groups or p 1 -groups for each prime p, and A=T has finite torsion-free rank. See [9, 5.1.3] for a complete account.
We quote without proof the following result concerning automorphisms of abelian p-groups with finite Prüfer rank. Its proof can be found in [10, Lemma 7 .44]. The following proposition will be used in the finite case during the proof of Theorem B, but it still holds in a more general situation. Proposition 3.2. Let G be a finitely generated and residually finite group, and H a group of n-unipotent automorphisms of G. If A is an abelian characteristic subgroup of G, then A is a normal right n-Engel subgroup of A Ì H such that
Proof. The semidirect product A Ì H clearly contains A as a normal subgroup. Since A is abelian, obviously OEA; A Ì H D OEA; H and thus the n-unipotent condition on H is equivalent to saying that A is a right n-Engel subgroup of A Ì H . The only non-trivial part is to show that
The group G is finitely generated, hence for every fixed k 2 N there exists only a finite number of normal subgroups of G with index at most k. Thus if we put
Unipotent automorphisms of soluble groups with finite Prüfer rank 427 this is a subgroup of G of finite index. From its definition it follows that each L k is a characteristic subgroup of G. Furthermore G is residually finite, hence
the condition OEG W L k < C1 implies immediately OEA W A k < C1.
As A k Ä L k for each k, it follows that
moreover, each A k is H -invariant since both A and L k are H -invariant. For every k 2 N, A=A k is a finite abelian group and if we put C k D C H .A=A k /, then the group H=C k acts faithfully on A=A k as a group of n-unipotent automorphisms. Since A=A k is finite, it is possible to find an integer m k such that
and so OEA; m k H Ä A k . But then
Finally, we have
OEA; i H D 1;
and this ends the proof.
Another property of stability groups which will turn out to be useful for our purpose is the following. For a proof, see [13, 1.21] .
